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Abstract 
 
This paper concerns the generation and evolution of the cosmological (large-scale ∼ ) magnetic 
fields in inflationary universe. The universe during inflation is represented by de Sitter space-time. 
Mpc
 
We started with the Maxwell equations in spatially flat Friedmann-Robertson-Walker (FRW) 
Cosmologies.  Then we calculated the wave equations of the magnetic field and electric field for the 
evolution. We consider the input current that was produced from a massless charged scalar complex field. 
This field minimally coupled to both gravity and the electromagnetic fields. The Lagrangian for massless 
scalar electrodynamics is then ( * 1( ) 4g D D F Fµ νµ µνφ φ= − − )µ
ieAµ
L . The complex scalar field 
couples to electromagnetism through the usual gauge covariant derivative D . After the 
quantum field theoretical deduction for the current, we put it back into the wave equation of the magnetic 
field.  
φ µ µ= ∂ −
 
After solving this wave equation, our result is 2 2 sin 22
eH
k
k
η∼a B . At the time η we have RH
RH
phys
eB
k
= . This may imply that the breaking of the conformal invariance due to the minimal coupling 
of a massless charged scalar complex field to both gravitational and electromagnetic fields is not 
sufficient for the production of seed galactic magnetic fields during inflation. But since we are interested 
in the large-scale cosmological magnetic field, this could be still a candidate, because of the 1k  factor. 
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1 Introduction and Conclusions 
 
Cosmology is the study of the large-scale structure and evolution of the universe. Magnetic fields of 
galaxies present an interesting problem. The first question is whether the field existed before the galaxy 
(Hoyle 1958) or was produced in a dynamo in the galaxy (Parker 1975). If the former occurred, magnetic 
stress could have played an important role in the formation of galaxies. 
 
Our galaxy and many other spiral galaxies are endowed with coherent magnetic fields (ordered on scales 
) with typical strength ~3 . Today, magnetic fields are present throughout the 
universe and play an important role in a multitude of astrophysical phenomena. For instance, the 
magnetic field of our galaxy plays an important role in the dynamics of our galaxy – confining cosmic 
rays, transferring angular momentum away from protostellar clouds so that they can collapse and become 
stars (without the loss of angular momentum, protostellar clouds would collapse to a low-density, 
centrifugally supported, non-starlike state). [5] 
10 kpc≥ -610  G×
 
Many astrophysicists believe that galactic magnetic fields are generated and maintained by dynamo action 
(where by the energy associated with the differential rotation of spiral galaxies is converted into magnetic 
field energy) [5]. The dynamo mechanism is only a means of amplification and dynamos require seed 
magnetic fields. If a galactic dynamo has operated over the entire age of the galaxy (~ , it could 
have amplified a seed field by a factor of 
10 G yr)
[ ](30) 131 10O ⋅∼e , implying that a seed magnetic field 
 is required [5]. Some astrophysicists believe the galactic magnetic field owes its existence 
to primeval magnetic flux trapped in the gas that collapsed to form the galaxy [5]; in this case the 
primeval fields strength required is much greater ─ at least the field strength that is observed today 
.[5] 
-19~3 10  G×
-6~3 10  G×
 
Since the Universe has been a good conductor throughout most of its history, any primeval, cosmological 
magnetic field present will evolve conserving magnetic flux: a B .[5] The magnetic fields 
produced are then uninterestingly small unless the conformal invariance of the electromagnetic field is 
broken. An attractive and very economical idea on the possible primordial origin of the galactic magnetic 
fields was suggested in [5]. That is: a massless charged scalar complex field coupled to both gravity and 
the electromagnetic fields. In short, it is based on the following observation. While the coupling of 
electromagnetic field to the metric and to the charged fields is conformally invariant (this is not 
necessarily true in the models with dynamical dilaton), the coupling of  the charged scalar field to gravity 
is not[13].  
2 const∼
 
Thus classical fluctuations with wavelengths ≥  in massless, minimally coupled fields could grow 
“superadiabatically”, i.e., have their energy density (
1H−
dk
dk
ρ  in mode k ) decrease only as , rather 
than the usual ∼ (“adiabatic” result)[5]. 
2a−∼
4a−
 
The vacuum fluctuations of the charged scalar field could be amplified during inflation at super-horizon 
scales, leading potentially to non-trivial correlations of the electric currents and charges over 
cosmological distances. The fluctuations of electric currents, in turn, may induce magnetic fields through 
Maxwell equations at the corresponding scales[13]. In this paper, we have developed the wave equation 
of the Magnetic fields. 
 
In short: In the early universe gravity acting on a quantum matter field amplifies energy density 
fluctuations above the unavoidable vacuum fluctuations. These primordial fluctuations may serve as 
seeds for the subsequent formation of the observable large-scale structure [16]. 
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No detailed computations were carried out in [5] in order to substantiate this idea. 
 
In this paper, we started with the Maxwell equations in curved space-time. In our case, we write the 
Maxwell equations in components in spatially flat Friedmann-Robertson-Walker (FRW) space-time 
. The normal operations like gradient, curl 
are changed in curved space-time. We have details in Appendix A. 
(2 2 2 1 2 2 2( ) ( ) ( ) ( )ds g dx dx dt a t dx dx dxµ νµν= = − + + )3 2
R
 
After we obtain the Maxwell Equations in curved space-time, we developed the wave equations for the 
magnetic field and the electric field. 
 
For the input current of the wave equation, we have to shift to quantum field theory in curved space-time. 
 
We consider a massless charged scalar field φ  without self-interactions and with minimal coupling to 
both gravity and the electromagnetic fields under de Sitter background geometry. We notice here, the 
field needs not to be exactly massless, it is enough if . m H
 
The state of the quantum field is dictated by the inflationary paradigm:  
 
1.) Every mode with comoving wave number k which is of interest to physics observable today had 
a physical wavelength much smaller than the Hubble radius at early enough times during the 
inflationary era, i.e. λ . At this early stage of inflation every relevant mode had 
, thus the curvature R  is negligible for the physically relevant modes. [15] 
1
phys H−
2
physk 
 
2.) According to the inflationary paradigm we consider the minimal quantum fluctuations, i.e. in 
every relevant mode we start out with Minkowski vacuum fluctuations. During inflation the 
initial fluctuations in each mode get amplified by the gravitational tide forces. In the Heisenberg 
picture of time evolution the states are defined to be time independent and denoted by the 
properties of the initial state, in our case 0 in  for all relevant modes (observable today). This 
state of the quantum fields is the Bunch-Davies state [15] insofar as modes with physical 
wavelengths today smaller than the present Hubble radius are concerned. 
 
We notice here that we normalize our comoving scales a  by setting today (at end of the inflation era and 
begin of the Reheating era) a , thus λ , therefore at this time the physical and 
commoving distances coincide and also k .  Just as usually, we use here natural units 
. 
1RH ≡ phys λ =
phys =
a=
k
λ
1Bc k= = ==
 
During investigate the correlation function C , where ( )lφ l x , we analyzed the energy density 
fluctuations from this boson field, which with vanishing expectation values, 
x ′≡ −K K
0φ = . To avoid the 
divergence on l , and also since a test body measures the field strength averaged over some region 
in space, it is more realistic to consider a spatially smeared field operator 
0→
3 ) (F d x x F′≡ −∫ K K K(R Rx W′ )x ′  where W  is the normalized window function with linear smearing 
scale R . Afterwards we computed the correlation function for the current C l . 
R
ˆ( )j∇×
 
After we obtain the current, we try to solve the wave equation of the magnetic field. At first we do 
Fourier transformation for the magnetic field and the current. Thus we simplified our partial differential 
equation to an ordinary differential equation. And we calculate this equation based on single modes. A 
given Fourier component will be labeled by its comoving wavelength λ  or more conventionally with its 
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comoving wave number 2πλ=k . The most important reason that we use the comoving wave number is, 
different modes decouple, i.e., the comoving vector k is conserved. 
K
nst
 
After we solve this equation, we obtain the result that 2 2 sin 22
eH
k
k
η∼a B . We see that the magnetic 
field is proportional to wave length, so the smaller the wave number the bigger wavelength, and the 
stronger the magnetic fields. It is appreciated for cosmological large-scale magnetic fields. But we also 
see that for a single mode k , 2 2
H
a B co
k
∼ ∼ (without considering oscillation), from which it 
follows that the magnetic field always decreases as 2
1
a
(or the energy density of the magnetic field 
). This is the usual “adiabatic” (conformal invariance) result. At the time  we have 2B B aρ −∝∼ 4 RHη
RH
phys
eB
k
= . It may imply that the breaking of the conformal invariance due to the minimal coupling of 
a massless charged scalar complex field to both gravitational and the electromagnetic fields is not 
sufficient for the production of seed galactic magnetic field during inflation. But since we are interested in 
the large-scale cosmological magnetic field, this could be still a candidate, because of the 1k  factor.  
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2 Preliminaries 
 
Our current understanding of the evolution of the universe is based upon the Friedmann-Robertson-
Walker (FRW) cosmological model, usually known as the hot big bang model. 
 
 
2.1 The metric 
 
The metric for a space with homogeneous and isotropic spatial sections is the maximally-symmetric 
Robert-Walker (RW) metric, which can be written in the form 
 
 
2
2 2 2 2 2
2( )[ ( sin )]1
drds g dx dx dx dx dt a t r d d
kr
µ ν ν
µν µ θ θ ϕ= = = − + +−
2 2
)3 2
g
. (2.1) 
 
We use the natural units here, where = . Where k  for a closed, open, or 
flat (open) Friedmann universe (positive, negative or zero spatial curvature). a t  is the cosmic scale 
factor (“radius” of the universe), has dimensions of length. 
1Bc k= = = 1, 1,  or 0= + −
( )
 
In this paper we consider only a spatially flat universe. This refers to k , the metric can then be put in 
the form 
0=
 
 . (2.2) (2 2 2 1 2 2 2( ) ( ) ( ) ( )ds g dx dx dt a t dx dx dxµ νµν= = − + +
 
At any given moment, the spatial part of the metric describes an ordinary three-dimensional Euclidean 
(flat) space. When a t  is constant then the flat universe metric describes Minkowski space. ( )
 
 
2.2 The Friedmann’s equation 
 
Einstein’s theory of gravity tell us: 
 
 . (2.3) 8G GTµν µν µνπ λ= +
Where 
 
 1
2
G R Rgµν µν µν≡ −  (2.4) 
 
is the Einstein Tensor and the Ricci scalar is 
 
 . (2.5) R g R Rµµν µν µ≡ =
 
And the gravitational constant G M , M is the Planck mass. T is the stress 
tensor. The simplest realization of a stress-energy tensor is characterized by a time-dependent energy 
density  and pressure  [3]: 
2
p
−= 191.2 10 GeVp ≈ ⋅ µν
( )tρ ( )p t
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 . (2.6) 
p
T p
p
µν
ρ   −   =  −     −   
 
The dynamics of the expanding universe only appeared implicitly in the time dependence of the scale 
factor a t . To make the time dependence explicit, one must solve for the evolution of the scale factor 
using the Einstein’s Equations (2.3).  
( )
 
The 0-0 component of the Einstein equation G  gives Friedmann’s equation 8 Gµν µνπ= T
 
 
2
2
8
3
a k G
a
π ρ+ = , (2.7) 
 
while the i  component gives i−
 
 
2
22
a a k Gp
a a
π++ = −  8 . (2.8) 
 
These equations were derived in 1922 by the Russian physicist and mathematician Alexandr Friedmann 
(1888 - 1925), seven years before Hubble’s discovery [2].  
 
Because  the (2.8) can take a easier form [7]: 0T µνµ∇ =
 
 3( ) dad p
a
ρ ρ= − + . (2.9) 
 
In 1917 Einstein introduced the constant Lorentz-invariant term λ  into his law of gravitation (2.3). 
This cosmological constant λ  corresponds to a tiny but universal force acting on matter. With this 
addition, Friedmann’s equation takes the form 
gµν
 
 
2
2
8
3
a k G
a
π ρ+ = +
3
λ
i
, (2.10) 
 
and the i  component gives −
 
 
2
22 8
a a k Gp
a a
π++ = − +  λ . (2.11) 
 
 
2.3 De Sitter space 
 
Before going on to the general case, it is worthwhile looking at a special case for which Einstein’s 
equation can be solved. Consider a homogeneous spatially flat universe with the Robertson-Walker 
metric. Friedmann’s equation for the rate of expansion including the cosmological constant then takes the 
form 
 
 
 
 
 
 
Cosmological Magnetic Fields: generation during Inflation and Evolution      - 7 - 
 ( )
( )
a t
H
a t
=

. (2.12) 
 
Where H  is now  
 
 8
3
GH π ρ=
3
λ+ . (2.13) 
 
Obviously the solution of the equation (2.12) is  
 
 . (2.14) ( ) Hta t e∝
 
This is an exponentially expanding universe.  
 
In 1917 Willem de Sitter (1872 - 1934) published such a solution, setting  
 
 . (2.15) 0pρ = =
 
Thus relating H  directly to the cosmological constant  λ
 
 
3
H λ= . (2.16) 
 
Eddington characterized the de Sitter universe as “motion without matter”. 
 
De Sitter space is most easily represented as a hyperboloid 
 
  (2.17) 2 2 2 2 20 1 2 3 4z z z z z H−− − − − = − 2
 
in five dimensional Minkowski space ( , . To facilitate an intuitive interpretation of a 
curved four-dimensional space, it is often convenient to imagine it as a curved four-dimensional 
hypersurface embedded in a higher-dimensional space.  
0 1 2 3 4, , , )z z z z z
 
In order to represent de Sitter space as a flat Friedmann universe, it suffices to consider a coordinate 
system t x  on the hyperboloid (2.17), defined by [1] , i
 
 
1 2
0
1
4
1sinh
2
1cosh
2
,            1,2, 3
Ht
Ht
Ht
i i
z H Ht He x
z H Ht He x
z e x i
−
−
= +
= −
= =
K
K2
2K
. (2.18) 
 
The branch corresponding to that Robertson-Walker space-time spans the half hyperboloid by 
 
 . (2.19) 0 4 0z z+ >
  
And the metric takes the form 
 
 . (2.20) 2 2 2 2 2 2( )Htds dt e dx dt a t dx= − = −K
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3 The generation of the cosmological magnetic fields 
 
It has been suggested [9] that the magnetic fields observed in the galaxy and in extragalactic objects may 
have existed before galaxies formed, perhaps originating in primeval turbulence at high red shift, perhaps 
present at the time of the big bang. It has also been argued that the magnetic fields of the Milky Way 
galaxy could not persist for ~10 because it is dynamically unstable against leaving the galaxy in a 
shorter time. If so, a dynamo is needed to maintain the field in the galaxy and maybe able to generate the 
field in the first place from a very weak seed (Parker 1975) [9]. 
 G yr
 
An interesting consequence of weak tangled primeval field is discussed by Wasserman (1978): the field 
acts as a source of density irregularities that grow through ordinary gravitational instability. Thus if a 
tangled primeval field is postulated, it implies a minimum value of δρ ρ  (p.71 [9]). 
 
Many astrophysicists believe that galactic magnet fields are generated and maintained by dynamo action 
(where by the energy associated with the differential rotation of spiral galaxies is converted into magnetic 
field energy) [5]. The dynamo mechanism is only a means of amplification and dynamos require seed 
magnetic fields. If a galactic dynamo has operated over the entire age of the galaxy (~ , it could 
have amplified a seed field by a factor of 
10 G yr)
[ ](30)Oe , implying that a seed magnetic field ~3  is 
required [5]. Some astrophysicists believe the galactic magnetic field owes its existence to primeval 
magnetic flux trapped in the gas that collapsed to form the galaxy [5]; in this case the primeval fields 
strength required is much greater ─ at least the field strength that is observed today ~3 . 
-19  G10×
-610  G×
 
Harrison has proposed a mechanism for producing the small seed field required for the galactic dynamo, 
wherein the relative motions of protons and electrons induced by vorticity present prior to decoupling 
produce primeval currents and magnetic fields ─ of course, this presupposes the existence of primeval 
vorticity. Other scenarios have also been suggested [5]. A fair summary of the present situation is to say 
that no compelling mechanism has yet been suggested for the origin of the essential primeval magnetic 
fields [5]. Turner and Widrow believe that inflation is a prime candidate for the production of primeval 
magnetic fields [5]. 
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4 The Maxwell equation and the wave equation 
 
Before discussing the evolution of the cosmological magnetic fields we review the Maxwell equation in 
curved space-time. After that we develop it in a homogeneous spatially flat universe with the Robertson-
Walker metric. Based on this we develop the wave equation of the cosmological magnetic fields. This 
wave equation gives us a basis for the further studying of the evolution of the cosmological magnetic 
fields in Friedmann-Robertson-Walker spatially flat universe.  
 
 
4.1 The Maxwell equation 
 
We are going to work out the Maxwell equation in a homogeneous spatially flat universe with the 
Robertson-Walker metric. Let us start with the general form of the Maxwell equation in curved space-
time. 
 
 
4.1.1 The Maxwell equation in curved space-time 
 
We begin with the Maxwell equation 
 
 . (4.1) 
; ; ;
;
0F F F
F J
µν σ σµ ν νσ µ
µν ν
µ
+ + =
=
 
One regards the field tensorF as arising from a potential by the µν
 
 . (4.2) ;F A Aµν ν µ µ ν= − ;
J
ν=
 
These points granted, one can verify that second of Maxwell’s equations is automatically satisfied and 
verify also that the first is satisfied if and only if 
 
 . (4.3) ; ;A A R Aν µ µ ν ν µ νµ µ µ− + + =
 
Where A  is the 4-components potential and J  the 4-components current.  µ µ
 
We recall in a flat space-time, one can always find a coordinate system so that the connection coefficients 
. The covariant derivatives then becomes to normal derivatives 0λµνΓ =
 
 . (4.4) 
, , ,
,
0F F F
F J
µν σ σµ ν νσ µ
µν ν
µ
+ + =
=
 
Where  
 
  (4.5) 
1 2 3
1 3 2
, ,
2 3 1
3 2 1
0
0
0
0
E E E
E B B
F A A F
E B B
E B B
µν ν µ µ ν µ
    − −   = − = − − −    − −   
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 is anti-symmetric in Minkowski space.  
 
In a general way, curved space-time, we may rewrite the Maxwell equation as follows 
 
 
0F F F
x x x
gF gJ
x
µν σµ νσσ ν µ
µν ν
µ
∂ ∂ ∂+ +∂ ∂ ∂
∂ − = −∂
=
. (4.6) 
 
Here we notice, we use the fact that F  and are antisymmetric and so they obey the following 
equations [12] 
µν F µν
 
 ;
1 ( )      for  antisymmetricT gT T
g x
µν µν µν
µ µ
∂= −− ∂  (4.7) 
 
 ; ; ;       for  antisymmetricT T T T T T Tx x x
µν
µν σ σµ ν νσ µ µν σµ νσσ ν µ
∂ ∂ ∂+ + = + +∂ ∂ ∂ . (4.8) 
 
 
4.1.2 The Maxwell equation in FRW spatially flat universe 
 
Now in our Friedmann-Robertson-Walker spatially flat universe we recall here formula (2.2) 
. With conformal time (light cones at ) we have (2 2 2 1 2 2 2 3( ) ( ) ( ) ( )ds dt a t dx dx dx= − + + )2
2K
η 45D
 
 . (4.9) 2 2 2 2 2 2( ) ( )( )ds dt a t dx a d dxη η= − ≡ −K
 
Where  
 
   
( )
dtdt ad
a t
η η= ⇒ = ∫ . (4.10) 
 
Here the metric is gµν
 
 . (4.11) 2
1
1
( )
1
1
g aµν η
    −   =  −     −   

ν=
 
Then we have the field tensor 
 
 . (4.12) 
1 2 3
1 3 22
2 3 1
3 2 1
0
0
( )
0
0
E E E
E B B
F a F
E B B
E B B
µν µη
    − −   = − − −    − −   
 
We use the equation (4.10) dt .  adη=
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We define now 
 
 . (4.13)  detg µν≡ g
 
In our case we see 
 
 . (4.14) 8( )g a η= −
 
We know  
 
  (4.15) F g g Fλκµν µλ νκ=
 
and get 
 
 
1 2 3
1 3 2
2
2 3 1
3 2 1
0
01
0( )
0
E E E
E B B
F
E B Ba
E B B
µν µ
η
− − −    −   = − −     −   
F ν= . (4.16) 
 
Before we write down the Maxwell equation (4.6) in components, let us see the relationships between the 
tensor analysis formalism outlined above and the familiar formulas for gradient, curl, and divergence in 
the classical curvilinear coordinate systems at first. Details are in the Appendix A, and we write down the 
result for our FRW spatially flat universe: 
 
 ˆ ˆ1 21 2
1div
A A A
A
a x x x
∂ ∂ ∂ = + +   ∂ ∂ ∂
K
3ˆ
3  , (4.17) 
 
 ˆ ˆ3 21 2 3
1(curl ) ( )    (and cyclical)
A A
A
a x x
∂ ∂
= −∂ ∂
K
. (4.18) 
 
We notice here, A are the “ordinary” components A A  (means physically measured in LONB). 
Without other declaration, the components like E  in this paper means the “ordinary” components 
. 
iˆ iˆ e≡ ⋅
K K
,i iB
iˆ
ˆ ˆ,i iE B
 
So we have now the Maxwell equations as follows 
 
 
2 2 curl 0
div 0
a B a E
t
B
∂ +∂
=
K K
K
=  (4.19) 
 
and 
 
 
2
2
1
curl
div
B a E
ta
E ρ
∂− =∂
=
K K K
K
j
. (4.20) 
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For the conformal time η , we have 
 
 
2
3
1 curl 0
div 0
a B E
a
B
η
∂ + =∂
=
K K
K  (4.21) 
 
and 
 
 
2
3
1curl
div
B a E
a
E
η
ρ
∂− =∂
=
K K K
K
j
. (4.22) 
 
We notice here the , jρ K are “ordinary” and the definition of  η are as follows ,t
 
 , (4.23) 
0x
dt ad
η
η
≡
≡
 
 
( )
0
1 2 3, ,
aJ
j a J J J
ρ ≡
≡K
. (4.24) 
 
 
4.2 The wave equation of the magnetic fields 
 
From (4.20) we can do more for the magnetic fields 
 
 22
1
curlB a E
ta
∂= ∂
K K K
j+
vK
. (4.25) 
 
We then use the formula  and we know . Here we get curl curl grad(div )v v= −∆K K div 0B =K
 
 
2
2
2
2
1
curl
1 curl curl
B a E
ta
a E
j
j
ta
∂ −∆ = +   ∂
 ∂  = +  ∂ 
K K K
K K . (4.26) 
 
We define here 
 
 aa
t
∂≡ ∂ . (4.27) 
 
Before we go further, we want to calculate the commutation relations of curl  and 
t
∂
∂  for an arbitrary 
vector  A
K
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( )
( )
1 1
3 2 3 2
2 3 2 3
3 2
2 2 3
1
[curl, ] curl curl
1 1
( ) ( )
( )
curl
A A A
t t t
A A A A
a t ax x x x
a A A
a x x
a A
a
∂ ∂ ∂         = −           ∂ ∂ ∂
 ∂ ∂ ∂ ∂ ∂  = − − −  ∂∂ ∂ ∂ ∂
 ∂ ∂  = −  ∂ ∂ 
=
K K K
 

K
 . (4.28) 
 
So we get 
 
 ( )2 22
1 curl curl curlaB a E a E
t aa
∂ −∆ = +   ∂
K K K K
j + . (4.29) 
 
From (4.19) we know: 
 
 2 2 2curl curl ( )a E a E a B
t
∂= = −∂
K K K
. (4.30) 
 
Now we put the equation (4.30) to (4.29) 
 
 
2 2
2
2 2 2
2 2 3
1 ( ) ( ) curl
1
curl
aB a B a B
t t a ta
a B a a B
j
ta t a
∂ ∂ ∂         ∆ = − − + − +          ∂ ∂ ∂
∂ ∂= + −∂∂
K K K K
K K K
j 
 (4.31) 
 
and we know 
 
 
2
1
aaH a
t a
aa a
a aη η
∂≡ =∂
∂∂= =∂ ∂

. (4.32) 
 
So now we put this into equation (4.31) and get 
 
 
2 2
2 2 2
1 curl 0a B H a BB
ta t a
∂ ∂∆ − − + =∂∂
K KK K
j . (4.33) 
 
And this is the wave equation of magnetic Field. 
 
With conformal time , η
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2
2
2
2 2 3
2
2 2
1 1
1 1
1
a at
a
a a
H
aa
η η
η ηη
ηη
 ∂ ∂ ∂ =   ∂ ∂∂
∂ ∂= − ∂ ∂∂
∂ ∂= − ∂∂
∂ . (4.34) 
 
On the other hand 
 
 
2
2
2
2
2
2
2 2
2
a a
t t
a aa
tt
a Ha
tt
η
∂ ∂ ∂ =   ∂ ∂∂
∂= + ∂∂
∂ ∂= + ∂∂
 ∂ . (4.35) 
 
And the wave equation (4.33) can be written as follows 
 
 
( )2 2
4 2
1 curl 0
a B
B
a η
∂∆ − + =∂
KK K
j . (4.36) 
 
We see if we know the initial conditions of B (spatial distribution ofB at initial time and B ), a  
and the current 
K
(0)
K
(0)
K
j
K
, we can then calculate the evolution of the magnetic field.  
 
Similarly we get another equation for E (Details in Appendix B) 
K
 
 
( ) ( ) ( )2 2 2 2
2 2 2 2
1 1 grad 0
a E a E a jHE H
t ta t a a
ρ∂ ∂ ∂∆ − − − − − =∂ ∂∂
K K KK K
j , (4.37) 
 
with conformal time η , we have 
 
 
( ) ( )2 2 2
4 2 3
1 1 grad 0
a E a j
E H
a a
ρηη
∂ ∂∆ − − − − =∂∂
K KK K
j . (4.38) 
 
 
 
 
 
 
 
Cosmological Magnetic Fields: generation during Inflation and Evolution      - 15 - 
 
5 The correlation function and the current 
 
In the early universe gravity acting on a quantum matter field amplifies energy density fluctuations above 
the unavoidable vacuum fluctuations. These primordial fluctuations may serve as seeds for the subsequent 
formation of the observable large-scale structure [16]. 
 
 
5.1 The Model 
 
Let us consider a charged complex scalar field φ and the lagrangian density will be 
 
 ( * 21( ) [ ]4g D D F F m Rµ µνµ µνφ φ ξ φ= − − − +L )2
ieAµ
)*µ
. (5.1) 
 
The coupling between the scalar field and the gravitational field is represented by the term , where 
 is a numerical factor and R is the Ricci scalar. For simplicity we are neglecting the field’s coupling to 
other fields. The complex scalar field couples to electromagnetism through the usual gauge covariant 
derivative 
2Rξ φ
ξ
 
 . (5.2) Dµ µ= ∂ −
 
The current is defined as following  
 
 . (5.3) ( ) (* *J ie D ie D Dµ µ µφ φ φ φ φ φ= = −
I
 
And the conservation equation for the current is given by [13] 
 
 1 ( )gJ
g
µ
µ∂ − =− 0
0
. (5.4) 
 
The Klein-Gordon equation in curved space-time is [11] 
 
 . (5.5) ( )2 m Rξ φ+ + =,
 
In the minimally coupled case, 
 
 . (5.6) 0ξ =
  
The action S of a charged scalar field minimally coupled to the background geometry and to 
the electromagnetic field is then [13] 
4d x= ∫ L
 
 (4 * * 1( ) 4S d x g D D m F Fµ αβµ αβφ φ φ φ= − − −∫ ) . (5.7) 
 
Where D i , F A . eAµ , ,Aµν ν µ µ ν= −µ µ= ∂ −
 
In the case A  and , the action is simply given by 0µ = 0m =
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 (4 *( )S d x g µµφ φ= − ∂ ∂ )∫ . (5.8) 
 
We consider here in de Sitter space-time: 
 
 . (5.9) 2 2 2 2 2 2( )Htds dt e dx dt a t dx= − = −K 2K
2K
 
With conformal time (light cones at ) we have η 45D
 
 . (5.10) 2 2 2 2 2 2( ) ( )( )ds dt a t dx a d dxη η= − ≡ −K
 
Where  
  
   
( )
dtdt ad
a t
η η= ⇒ = ∫ . (5.11) 
 
The energy density ρ  is always defined to be the one measured by a commoving observer, who has the 4-
velocity u a  in conformal coordinates [16]. Thus we obtain [16] 1, 0,( 0, 0)µ −=
 
 [ 2 2 2 22
1 ( ) ( )
2 x
a m
a η
ρ φ φ= ∂ + ∂ +K ]2φ . (5.12) 
 
For m  we get 0=
 
 [ 22
1 ( ) ( )
2 xa η
ρ φ= ∂ + ∂ K ]2φ . (5.13) 
 
The fluctuations in the energy density are given by the two-point correlation function at equal time: ρ
 
 
( ) ( , ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
C l C x x x x x x
x x x x
ρ ρ ρ ρ
ψ ρ ρ ψ ψ ρ ψ ψ ρ ψ
′ ′≡ = −
′ ′= −
K K K K K K
K K K K
′
)′K
. (5.14) 
 
Where l  is the measured distance between the two points x  and x : K ′K
 
  (5.15) (phys physl x x a x x′≡ − = −
K K K K
 
and l l . ≡ K
 
During inflation the Hubble parameter is constant, and one has de Sitter space-time. The end of the de 
Sitter era is denoted by RH for reheating. With a t , we can then fix the inflationary 
scale factor by setting the followings at time t [15]: 
( ) (( ) RHH t tRHa t e −= )
RH
 
 . (5.16) 1( ) 1, RH RHa t Hη −≡ ≡ −
 
So we get from (5.11) 
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 (( ) (1( ) ( ) 1( )
RH
RH RH
t
H t t H t t
RH
t
dtt t dt e e
a t H
η η ′− − − −′− = = = − −∫ ∫ )) . (5.17) 
 
We now get 
 
 
( )( ) ( ) ( )( )
( )
1 1 1( ) ( ) 1
RH
RH
RH
H t t
H t t
RH
H t t
et t e
H H H
e
H
η η
− −− −
− −
= − − − = − + −
= −
H . (5.18) 
 
From (5.11) we see 
 
 
( ) ( )
( ) 1
dtdt a d a
d
da
dt
η η η η
ηη
= ⇒ =
⇒ =
. (5.19) 
 
With (5.18) we see 
 
 
( )
( )
RHH t td eH
dt H
H
η
η
− −  = − −  
= −
 . (5.20) 
 
So we get 
 
 1( ) 1 da
dt H
ηη η= = − . (5.21) 
 
The Klein-Gordon equation is from the Variation of the action S , this is [8]: 
 
 2 2 22 i
a
m a
a
η
η η φ∂   ∂ + ∂ − ∂ +     
2 0= . (5.22) 
 
The mode functions in a spatially flat FRW space-time are eigenfunctions of the commoving wave vector K
. Because of the translational invariance of the gravitational field in 3-space different k
K
’s decouple, 
and k
K
 is a conserved quantity [16]. We make the ansatz of modes of fixed k
K
 
k
 
 ( , ) ( ) ikxk kx u eϕ η η≡
KKK . (5.23) 
 
We notice here: 
 
 . (5.24) 
1 2 3
0
1 2 3
( , , ),   = /
,            /
( , , )
phys
phys
k k k k k k a
k
x x x x
ω ω
≡
≡ =
≡
K K
K
aω
K
 
We put (5.23) into (5.22) using the equation (5.21) and obtain the equation of motion for the different u  k
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2
2 2
2 2
2 ( ) 0k
mk u
Hη η
ηη η
∂ − ∂ + + = 
 . (5.25) 
 
Its solutions are linear combinations of Hankel functions h  times η [15], (1,2)ν 3/2
 
 
2
3/2 (1,2)
2
9( ) . ( ),   
4k
mu const h k
hν
η η η ν= ⋅ ⋅ = − . (5.26) 
 
For the basis modes ϕ η  we choose that fundamental solution in (5.26) which has the time 
dependence e  for , i.e. h k .  The solution approaches a Minkowski single-particle 
wave at early time, when the physical wavelength is much smaller than the Hubble radius. Therefore one 
could write more explicitly ϕ η . [15] 
( , )k x
K
η → −∞
( ,k
ikη− (2)(ν η
( )( ,inkx xϕ ηK K
)
) )=
 
The normalization of the mode functions in (5.23) is as follows 
 
 ( ) 3 (3), (2 ) (k k k kϕ ϕ π δ′ ′= −
K K
) . (5.27) 
 
With respect to the scalar product [15] 
 
 ( ) 3 (3) * 0ˆ,k k i d x gϕ ϕ ϕ ϕ′ ≡ − ∂( )k k ′∫ I . (5.28) 
 
Where ∂ denotes the derivative with respect to measured time along the normal to the slice t c , 
and the 3-dimensional 
0ˆ .onst=
(3)g−  takes the value (3) 3g a− = .  
 
The normalized basis modes are given by [15] 
 
 
( )
3
3/2 (2)
( , ) ( ) ,   for 0
2
( , ) ( ) ,   for 0
2
i kx k
k
ikx
k
Hx k i e m
k
Hx h k e
η
ν
ϕ η η
πϕ η η η
−= − =
= ≠m
KK
KK
K
K . (5.29) 
 
The mode expansion of the charged complex scalar field operator φ η  is ( , )xK
 
 (
3
†*
3( , ) ( , ) ( , )(2 ) k k k k
d kx x aφ η ϕ η ϕ ηπ= +∫K K )x bK . (5.30) 
 
By convention, we refer to an a quantum as a “particle” and a b quantum as an “antiparticle”. Thus, the 
positive-frequency part of φ  annihilates a particle, and its negative-frequency part creates an antiparticle. 
Similarly, φ  either creates a particle or annihilates an antiparticle. The canonical commutation relations *
[ ] (3)( ), ( (x y i xφ δΠ = −K K K) )yK , where Π , fix the normalization factor in the commutation 
relations for the annihilation and creation operators [15], 
3
ta φ= ∂
 
 † 3 (3), (2 ) (k ka a k kπ δ′ )  ′= − 
K K
. (5.31) 
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The initial state of the quantum field is dictated by the inflationary paradigm:  
 
1.) Every mode with comoving wavenumber k which is observable today had a physical 
wavelength much smaller than the Hubble radius at early enough times during the inflationary 
era, i.e. it starts out sub-horizon-sized λ , the space-time curvature R  was much 
smaller than  and negligible for the physically relevant modes. [15] 
1
phys H−
2
physk
 
2.) The inflationary expansion wiped out all perturbations except the unavoidable quantum 
fluctuations. For every relevant mode the initial state is the vacuum state (ground state) with its 
inescapable vacuum fluctuations. In the Heisenberg picture of time evolution the states are 
defined to be time independent and denoted by the properties of the initial state, in our case 
0 in  for all relevant modes (observable today). This state of the quantum fields is the Bunch-
Davies state. [15] 
 
The Heisenberg state 0 in  is annihilated by the time-independent annihilation operators a and b  of 
the mode expansion (5.30). [15] 
k k
 
 
0 0
0 0
k
k
a in
b in
=
=
. (5.32) 
 
We also know 
 
 0 0 1= . (5.33) 
 
We consider now on super-horizon limes 1phys HR H
=λ  it also means 
 
 
1 1  or  
1 1
phys
phys
k H
k
H


. (5.34) 
 
We notice here with the equation (5.21) 1( )
H
η η= −a , one gets 
 
 1 1phys
kk k
H a H
η= = − = kη . (5.35) 
 
We know here is . So we get for super-horizon limes is 0η <
 
 1kη   (5.36) 
 
and for sub-horizon limes is  
 
 1kη  . (5.37) 
 
For the crossing area we define now the as follows HCη
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 . (5.38) ( ) 1HCkη ≡ −
 
 
5.2 The current 
 
Before we start in de Sitter space-time let us see the situation in Minkowski space-time 
 
 
( )
( )
3
†( ) ( )
, ,3
3
†
, ,3
( , )
(2 )
(2 )
i kx t i kx t
k in k in
ik x ik x
k in k in
d kt x e a e b
d k e a e b
µ µ
µ µ
ω ωφ π
π
− − −
−
= +
= +
∫
∫
K KK KK
. (5.39) 
 
Where 
 
 . (5.40) 
( , )
( , )
k k
x t x
µ
µ
ω= −
=
K
K
 
In the case A  0µ =
 
 (* *: :J ie ieµ µ µφ φ φ φ φ φ= ∂ = ∂ − ∂ )*µ
I
. (5.41) 
 
This is the Noether current for the U  symmetry of the action (5.8). And we obtain (1)
 
 
3 3
( )†
3 3
( )
( , )
( )
(2 ) (2 )
( )
k k
i q q x
qqk k
i k k x
J x t
d q d q a a e q q e
e k k e
µ
µ µ
µ
µ µ
µ
µ µ
µ µ
π π
π ππ π
+ +
′
′− −+ +
′′
′− −
′ ′= ⋅ +
′= +
∫ ∫
K K
K K
K
. (5.42) 
 
Where we use the commutation relations (5.31) to get the following relation 
 
 
( )† † 3 (3)
3 (3)
0 (2 ) (
(2 ) ( ) 0
p pk k ka p a a a a k p
k p
π δ
π δ
= = + −
= −
K K KK K
KK K
K K
) 0
. (5.43) 
 
And we can also obtain curl j
K
from (5.42) 
 
 
( )
curl
( ) ( )
k k k
i k k x
j j
ie k k k k e
µ
µ µ
π π π+ + +′ ′
′− −
= ∇×
′ ′= − × +
k
π+K K KK K
K K K K
K
. (5.44) 
 
We can also write it in component 
 
 
( )
1
( )
2 3 2 3
, (curl ) ,
2    and cyclical
k k
i k k x
in j in
ie k k k k e
µ
µ µ
π π+ +′
′− −′ ′= −
K K
K
. (5.45) 
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Now in de Sitter space-time we recall (4.17) and (4.18) for the calculation rules and we get 
 
3 3 2
( )††
3 3 3 3
2
( )
3 3
, 0 
1 , 0 ( )( )( )
(2 ) (2 ) 2 2
( )( )( )
2 2
kk
i q q x
qk qk
i k k x
j in
d q d q Ha b in e q i q i q q e
a q q
He k i k i k k e
a k k
µ
µ µ
µ
µ µ
π π
π π η ηπ π
η η
−+
−+
+ −
+ −
′++ −
′
+
+ − − +
+ −
′ ′ ′= ⋅ − − −′
= − − −
∫ ∫
KK
KK
K
K K
K K
.
 (5.46) 
  
We notice the , jρ  here are the ordinary components (physically measured in LONB)  K
 
 
( ) ( )
0
0
1 2 3
1 2 3
/
, , , , /
aJ J a
j a J J J J J J a
ρ ≡ =
≡ =K
 (5.47) 
 
and 
 
 
( )
2
(
2 3 3
, curl 0 , 0 
( )( ) ( )
2 2
k kk k
i k k x
j in j in
Hie k i k i k k k k e
a k k
µ
µ µ
π π π π
η η
− −+ +
+ −
+ − + −
+
+ − + − + −
+ −
= ∇×
= − − + × −
K KK K
K K
K K K K ) . (5.48) 
 
One can see it easily from (5.48), that for k k  is + −= −
K K
, curl 0 kk j inπ π −+
+ − =KK
K
0 . Now let we 
consider the quantity 
 
 
2
, 0 ,    kk j in k kπ π −+
+ −
+ −= −KK
K KK
. (5.49) 
 
From (5.46) we get 
 
 ( )
22 22
3
2 2
22 2 2 2 2
2
2 2 2
2
, 0 ( ) 2
2
( 1) 2 (1
kk
H
2 )
j in e k i k
ak
He k k e k
ak ak
H eH
e
aak
π π η
η η
η
−+
+ − = −
= − + = +
= +
KK
K
H η . (5.50) 
 
When on super-horizon limes 1HR H
=λ , one sees directly that the first term is dominated, i.e., the 
current depends on k . The graphic are as follows: 
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With logarithmic coordinates syst
 
Figure (4.2) The current on super-horizon limes 
                                       
 
For sub-horizon limes, the second term is dominated, and it’s growth quadratic with time. 
 
Figure(4.3) The current on sub-horizon limes 
 
re (4.1) The current on super-horizon li
em, we have: 
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We notice here that on (5.16) we have set  and therefore in our case . 1RH Hη −≡ − 0η <
 
For a fixed k , and with a logarithmic coordinate system, we have: 
 
Lo
g(
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en
t) 
-Log(|η|) 
Super-horizon Sub-horizon 
λphys~RH 
 
Figure(4.4) The current on with fixed k   
 
 
 
5.3 The correlation function 
 
We now analyze the energy fluctuations contributed by scalar fields φ , which are present in addition to 
the inflaton field. We consider here a massless scalar field φ  without self-interactions, minimally 
coupled to gravity. 
 
Let us consider the time that just before the end of the de Sitter era. That is: 
 
 . (5.51) RHη η= − ε
 
We remember that on (5.16) we have fixed the inflationary scale factor by setting a . Therefore at 
this time the comoving and physical distances coincide and . 
1RH ≡
physk k=
 
A key tool of  [15] is that the computation of the correlation function C l  in a given quantum 
state 
( ) ( , )C x x ′≡ K K
ψ can be reduced to †( ) ( )x xψ δφ δφ ψ′K K , Where δφ  and 0( )x xφ φ≡ −K K( ) 0 ( )xφ φ≡ K . We 
consider here that the field has no classical background component, i.e. with vanishing expectation 
values, 0φ = [15]. So it is reduced to calculate the Wightman function of this state, 
 
 
†
3
* ( )
3
( , ) ( , ) ( , )
( ) ( )
(2 )
ik x x
k k
W x x x x
d k u u e
ψ φ η φ η ψ
η ηπ
′−
′ ′≡
= ∫ K K K
K K K K
 (5.52) 
 
with the definition (5.23) ϕ η( , ) ( ) ikxk kx u eη≡
KKK . 
 
So we define the equal-time correlation function of two fields as follows, 
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†
3
2
3
( ) 0 ( , ) ( , ) 0 
( )
(2 )
ikl
k
C l in x x in
d k u e
φ φ η φ η
ηπ
′≡
= ∫ KK
K K
. (5.53) 
 
Here the l  is independent of x , therefore the correlation function is isotropic. And for l the 
correlation function is UV (ultraviolet) convergence. 
K 0≠
 
With the result of (5.29) ( )
3
( , ) ( ) ,   for 0
2
i kx k
k
Hx k i e m
k
ηη −= − =ϕ η
KKK , so for a massless field the 
2( )ku η  is then 
 
 
( )
( )
1
2 2 22 ) 2 2
33
2 2 2 2 2
2 2
3 2 2
2
2 2
2
2
2
( ) ( ) 1
22
11
22
1
2
1 1
2
RH
ik
k
H
H H
u k i e k
kk
H k H Hk
kk k k
HH
k k
H
k k
η
η η
η η η
ηη
η
−
−
= =−
= − = +
 = + = +   
 = +   
 = +   
. (5.54) 
 
Therefore the correlation function for the massless fields is 
 
 
3 2
3 2
1( ) 1
2(2 )
ikld k HC l e
k kφ π
 = +   ∫
KK
. (5.55) 
 
We do not take into account modes with physical wavelengths larger than the Hubble radius today. 
Therefore the integral (5.55) must be cut off correspondingly at k  with [15]. Thus 
we consider only 
min
NHe−= 70N ≈
mink k>
K
, this avoids the IR (infrared) divergence of the integral (5.55). And we 
obtain [15] 
 
 ( min22 21 1( ) ln 4(2 ) k lC l Hlφ π = − )  . (5.56) 
 
The power spectrum of an operator F  is the Fourier transform of the 2-point correlation function C , ( )F l
 
 3( ) ( ) iklF FP k d lC l e= ∫ KKK  (5.57) 
 
and [8] 
 
 
3
3( ) ( )(2 )
ikl
F
d kC l e P kπ= ∫
KK
F . (5.58) 
 
The integral (5.57) can be UV convergent or divergent. It depends on the short-distance behavior of the 
correlation function for the operator F .  With  
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 3( ) ( ) ikxF k d xF x e−= ∫ KKK K . (5.59) 
 
One has [15] 
 
 † 3 (3)0 0 (2 ) ( ) ( )Fk kin F F in k k P kπ δ′ ′= −K K
K K
. (5.60) 
 
For quantum field theory we take F x . Because the expectation value vanishes, i.e.( ) ( )xδφ=K K 0φ = , 
then isF . Therefore we obtain φ=
 
 2( ) ( )kP k uφ η= . (5.61) 
 
There is then no possibility of a UV or IR divergence in P k .  From (5.54) we obtain for massless 
fields in de Sitter space-time: 
( )φ
 
 
2
2
1( ) 1
2
HP k
k kφ
 = +    . (5.62) 
 
We know that the free electric field E  in the Minkowski vacuum has the short-distance behavior 
40 ( ) ( ) 0E x E x x x −′ −K K K K∼ ′ , and also 20 ( ) 0E xK , the mean square fluctuation at a given point, is 
infinite. So instead of consider 2 xφ K0 ( ) 0 in in , we must consider a field operator smeared in space 
(and time, in case of need.). Therefore the local operators must be smeared before squaring.[8] 
 
 3 ( ) (R RF d x W x x F′ ′≡ − )x ′∫ K K K . (5.63) 
 
Where W  is so called window function with the normalization R
 
 3 ( ) 1Rd xW x =∫ K . (5.64) 
 
In our case we choose a gaussian window function 
 
 
2 22
2 3/2( ) (2 )
r R
R
eW r
Rπ
−
= . (5.65) 
 
With 3( ) ( )ikxR Rd xe W x−= ∫W k KK K  we obtain  
 
 
2 2
2( )
k R
RW k e
−
= . (5.66) 
 
This is a gaussian UV cutoff. We notice that the normalization condition here is 0( ) 1R k= =W k . And 
therefore . ( ) ( ) ( )R RF k F k W k=
K K
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Because the mean square fluctuations of the smeared operator 2( )RF  is independent of x , so we can 
set  and this becomes 
K
0x =K
 
 
3 3
2
3 3
3
2
3
( ) ( ) ( ) ( ) ( )
(2 ) (2 )
( ) ( )
(2 )
R R
F R
d k d kF F k W k F k
d k P k W k
π π
π
′ ′ ′=
=
∫ ∫
∫
K K
RW k
2
. (5.67) 
 
With  in spherical coordinates, the (5.67) will be then 
2
3 2
0 0 0 0
sin 4d k dk d d k dk k
π π
ϑ ϕ ϑ π
∞ ∞
= =∫ ∫ ∫ ∫ ∫
 
 
N
22 2
3
0
23
3
0
(ln )
22
0
( ) 4 ( ) ( )
(2 )
4 ( ) ( )
(2 )
(ln ) ( ) ( )
R F
F R
d k
F R
dkF k P k
dk k P k W k
k
d k k W k
ππ
π
π
∞
∞
∞
=
  =   
≡ ∆
∫
∫
∫
RW k
. (5.68) 
 
With  
 
 
3
2
2( ) ( )2F
kk Pπ∆ = F k . (5.69) 
 
So the P  is then the power (fluctuation-strength) per unit volume d , and the ∆  is the power 
per unit interval on the  axes, i.e. per e-fold in k . 
( )F k 3k 2 ( )F k
lnk
 
With (5.62) 
2
2
1( ) 1
2
H
k kφ
 = +   P k for massless fields in de Sitter space-time, we have 
 
 
2 2
2
2( ) 14
k Hk
kφ π
 ∆ = +   2 . (5.70) 
 
When on super-horizon limes 1HR H
=λ , i.e. k  the second term is then dominated, and we 
now obtain: 
H
 
 
2
2
2( ) 4
Hkφ π∆ = . (5.71) 
 
This is the fundamental result from quantum field theory in de Sitter space-time used in the papers, which 
computed the density fluctuations in the inflationary universe [6].  
 
We recall the current 
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 . (5.72) †ˆ :j iµ φ φ= ∂
I
:µ
 
The hat refers to the normalization of the operator, so that for the 1-particle states † 0
k
k a= K
K
 is 
0ˆ 1/k j k a=
K K 3 , i.e. 1 per unit comoving volume without the electric charge e  in front. The normal 
ordering of operators guarantees that ˆ0 ( , ) 0 0in j x inµ η =K . 
 
Let us consider now the correlation function for (ˆ )j x×
K K∇ , which is UV convergent for fixed separation 
between two points x  and , In Cartesian coordinates, K x ′K
 
 . (5.73) ( ) † †(ˆ ) ( ) 2 ( )( ),   , , 1,2, 3ijk j k ijk j kij x i i i j kε φ φ ε φ φ∇× = ∂ − ∂ = − ∂ ∂ ∈
IK K
 
The correlation function is evaluated by inserting a complete set of 2-particle states (here scalars fields 
), this is  π±
 
 
ˆ
3 3
† †
3 3
ˆ ˆ0 ( ) ( ) 0 
4 0 ( )( ) ( )(  
(2 ) (2 )
x xj
ijk ilm j k x m n xx k k xk k
C in j j in
d k d k in inε ε φ φ π π π π φ φπ π
′∇×
+ − + − ′′ ′ ′
= ∇× ⋅ ∇×
′
= − ∂ ∂ ∂∫ ∫
K K K
K KK KK K K K
K K
) 0∂
. (5.74) 
 
The important observation of  [15] is that such correlation functions can be written in terms of products of 
the elementary field correlation function ( )xφ ′−K KC x . 
 
 ˆ( ) 4( ) ( ) (jl km jm kl mj j k lC x x C x x C x xxx x xφ φ
δ δ δ δ∇×
∂ ∂ ∂ ∂  ′ ′ − = − − − −    ′ ′∂∂ ∂ ∂
K K K K K K K )′  . (5.75) 
 
With use the relations, 
 
 ( )2 2
( ) ( )
1ˆˆ ˆˆ( ) ( )
xx
j m j m jm j m
C l C l
d f df
f l l l l l
r drdr
φ φ
δ
′∂ = −∂
∂ ∂ = + −
KK
. (5.76) 
 
Where l x  and . ( )  is the transverse projector on the vector 
space orthogonal to lˆ , while ( )  is the longitudinal projector on the direction lˆ . The 
longitudinal projectors do not contribute at all since P P  and the antisymmetry of  
. The δ δ  contraction of the two transverse projectors gives tra , while 
the contraction gives (t . Therefore  
x ′≡ −K K
jm klδ δ−
klδ
ˆ /j jl l≡
ˆˆ
j ml l
km
raceP
l ˆˆ (jm j m trans jml l Pδ − =
( )long jmP=
tran
2) 4trans =
)
0s long⋅ =
jl kmδ δ
jmδ
jl
2ce( )transP = 2
 
 
2
ˆ
( )18j
dC l
C
l dl
φ
∇×
 =   
K  . (5.77) 
 
With (5.56) ( min22 21 1( ) ln 4(2 ) k lHlφ π = − ) C l  for the massless fields, we obtain 
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 (
22 8
ˆ 4 4 2 4 4 4 2 2
8 2 8 2 1
(2 ) (2 )j
H HC
l l H l H lπ π∇×
 = + = +  
K )2 . (5.78) 
 
This is UV- and IR convergence, therefore there is no UV or IR cutoff. For physically relevant length 
scales at the end of inflation l , only the second term contributes, that is  1H−
 
 
4
ˆ 4 4
1
2j
HC
lπ∇× =
K . (5.79) 
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6 The Evolution of the cosmological magnetic fields 
 
Use the result of last chapter; we can now study the Evolution of the cosmological magnetic fields. 
 
For a vector V , it can be written as the sum of two terms, 
K
 
  (6.1) lV V V= +
K K
t
K
V
K
 
where V  is called the longitudinal or irrotational current and has ∇ , while V  is called the 
transverse or solenoidal component and has ∇ ⋅ . Starting from the vector identity, 
l
K
0lV× =
K K
t
K
0tV =
K K
 
  (6.2) ( ) ( )V V∇× ∇× = ∇ ∇ ⋅ − ∆K K K K K K
 
together with  
 
 1 4 ( )x x
x x
πδ  ′∆ = − −  ′− 
K KK K , (6.3) 
 
it can be shown that V  and V  can be constructed explicitly from V as follows [17]: l
K
t
K K
 
 31
4l
VV d x
x xπ
′∇ ⋅′= − ∇ ′−∫
K KK K
K K  (6.4) 
 
 31
4t
VV d x
x xπ ′= ∇×∇× ′−∫
KK K K
K K . (6.5) 
 
We are interested in the divergence free transverse B  component B . Actually we may remember in the 
equation (4.19), there is . 
K
t
K
0B∇ ⋅ =K K
 
Now we do a Fourier transformation for B ,  
K
 
 
3
3( , ) ( , )(2 )
ikxd kB x B k eη π= ∫ η
KKK KK K . (6.6) 
 
Where B k denotes the amplitude for k . ( , ) ( , ) ib k e ωηη η −≡K K K K K
 
Here we do also a Fourier transformation for j
K
: 
 
 
3
3( , ) ( , )(2 )
ikxd kj x j kη π= ∫ eη
KKKK KK . (6.7) 
 
We consider now a single mode B k( , ) ikxeη
KKK K
, and put it into the wave equation (4.36),  
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 ( ) ( ) ( )
2
4 2
( , )1( , ) curl ( , ) 0
ikx
ikx ikx
B k e
B k e j k e
a
η
η η
∂
∆ − +∂ η =
KK
K KK
K K
K K KK K
. (6.8) 
 
From appendix A we see 
 
 2 1 1 2 2 3 3
1 S SS
a x x x x x x
∂ ∂ ∂ ∂ ∂ ∂ ∆ = + +   ∂ ∂ ∂ ∂ ∂ ∂
S 
 . (6.9) 
 
Then we get 
 
 
( )2 22
2 4 2
( , )1 1( , ) ( , ) 0
d a B kk B k ik j k
aa a d
ηη η− − + × =
K KK K K KK η . (6.10) 
 
This is  
 
 
( )2 22 2 3
2
( , )
( , ) ( , ) 0
d a B k
a k B k ia k j k
d
ηη η+ − × =
K KK K K KK η . (6.11) 
 
We now define 
 
 . (6.12) 
2
3
( , )
( , )
b a B k
s a k j k
η
η
≡
≡ ×
K K K
K KKK
 
Thus we obtain a linear differential equation 
 
 
2
2
2
d b k b s
dη + =
K K K . (6.13) 
 
Before we go on, we do the following 2 assumptions: 
 
1.) The inflation lasts for . It means: -foldseN e
 
 eRH N
ini
a
e
a
≡ . (6.14) 
 
Where a  denotes at the beginning of the inflation. ini
 
2.) On the earlier time (ad hoc) 
 
 . (6.15) source 0=
 
With the equation (6.14) eRH N
ini
e
a
≡a , and the time on reheating (5.16) 1RH Hη = − , we obtain 
 
 
eN
ini
e
H
η = − . (6.16) 
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Now let us consider the homogeneous equation  
 
 
2
2
2 0
d b k b
dη + =
K K
. (6.17) 
 
We have the general solutions 
 
 . (6.18) ( )      ( ,  denote complex const vector.)ik ikb ce de c dη ηη −= +K K KK K
 
If we know the boundary conditions: 
 
 
0
(0)
( )
b A
db
B
d η
η
η
=
=
=
KK
K K . (6.19) 
 
Then we can calculate the c d , and we obtain ,
KK
  
 1( ) cos sinb A k B
k
η η= +KK K kη . (6.20) 
 
We notice here, we used the formulae 1sin ( )
2
ix ixx e e
i
−= −  and 1cos ( )
2
ix ixx e e−= + . 
 
Let us consider the situation with the source .   sK
 
At first one solves the Green function for this equation,  
 
 
2
2
2
( ; )
( ; ) ( ),     <ini RH
d g
k g
d
η η η η δ η η η η ηη
′ ′ ′+ = − < . (6.21) 
 
With the boundary condition for our retarded Green function 
 
 
( ; ) 0
( ; )
1
ret
ret
g
dg
d η η
η η
η η
η ′=
′ ′ =
′
=
. (6.22) 
 
We then obtain 
 
 1( ; ) sin ( )retg k
k
η η η η′ = − ′
dη ′
. (6.23) 
 
And the inhomogeneous solution b is: ( )η
 
 . (6.24) ( ) ( ; ) ( )
RH
ini
b g s
η
η
η η η η′ ′= ∫K K
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Recall (5.46) and we get 
 
 ( )
2
2 4
2
2 2
(
3 3
( ) 1, ( , ) 0 
( )( ) ( )
2 2
( , )
kk
i
d b
K b ia K j k in
ad
H aie k i k i k k k k e
k k
K k k k k
ω ω η
η π π ηη
η η
ω ω ω
−+
+ −
+ −
+
+ − + − + −
+ −
+ − + − + −
+ = ×
= − − + × −
≡ + ≡ + = +
KK
K K K KK
K K K K
K K K
) . (6.25) 
 
We recall (5.21), in de Sitter space-time 
 
 1( )a
H
η η= − . (6.26) 
 
Then we obtain 
 
 ( )( )
( )( )
2
2
2
2
2 (
2 2 3 3
2 (
2 3 3
( )
( ) 1 ( )
2 2
1 1 ( ) ( )
2 2
i
i
d b
K b
d
Hie k k i k k k k k k e
H k k
ie k k i k k k k k k e
k k
ω ω η
ω ω η
η
η
η ηη
η ηη
+ −
+ −
+
+ − + − + − + −
+ −
+
+ − + − + − + −
+ −
+
= − + − + × −
= − − + + × −
K K
K K K K
K K K K
)
)
. (6.27) 
 
So from (6.24) we obtain 
 
( ) ( )( )2 (2 3 3
1 1
( ) sin ( ) 1 ( ) ( )
2 2
RH
ini
i k kb K ie k k i k k k k k k e
K k k
η
η
η
η η η η ηη
+ − ′++ − + − + − + −
+ −
′ ′ ′= − ⋅ − − + + × −′∫
K K K K K ) dη ′
. (6.28) 
 
We know 
 
 
2
2 2 ,       1
k
c k c
π
λ
ω πν π λ
=
= = = =
. (6.29) 
 
For our convenience we suppose 
 
  (6.30) 
,   
k ke
k ke e e
+ +
− − + −
=
= ⊥
K K
K K K K
 
and we obtain 
 
 ( ) ( )2 2 2 232 3
1 1
( ) sin 2 ( ) 1 2 2
2 2
RH
ini
ikb ie k k ik k e e d
k k
η
η
η
η η η η ηη
′′ ′ ′= − ⋅ − −′∫
K K η ′ . (6.31) 
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Where e denotes the direction that orthogonal to e and e . So we define 3
K
+
K
−
K
 
( )
( ) ( )
2
2 2
2 2
2 2
1 1( ) sin 2 ( ) 1 2
2
1 1sin 2 ( ) sin 2 ( ) 2
2 2
RH
ini
RH RH
ini ini
A B
ik
ik ik
b b
eb i k i e d
kk
e ei k e d i k i e
kk
η
η
η
η η
η η
η η
η η η ηηη
η η η η η ηηη
′
′ ′
≡ ≡
 ′ ′≡ − ⋅ − −   ′′ 
 ′ ′ ′= − ⋅ + − ⋅ − −   ′′ 
∫
∫ ∫
	
 
A Bb b≡ +
	

d ′

.
 (6.32) 
 
With the formula  
 
 (2 2sin sin cos
ax
ax edxe bx a bx b bx
a b
= −
+∫ )  (6.33) 
 
we obtain 
 
 ( )
2
2 sin 2 ( ) 2 cos 2 ( )
22
RH
ini
ik
A
e e
b i i k k
k
ηη
η
η η η η
′
′= − + −− ′ . (6.34) 
 
Since we suppose at earlier time  so (6.15), and for our convenience we suppose also at the 
time the phase is equal to zero then e . This is justifiable since we are only interested on the 
large-scale cosmologic magnetic fields and the η is fixed by (5.16) η . Then the (6.34) 
will be 
iniη urce 0=
1RHikη =RHη
RH
1
RH H−≡ −
 
 (2 sin 2 2 cos 2
2 2A
eb k i
k
η= − )kη . (6.35) 
 
With 1sin ( )
2
ix ixx e e
i
−= −  and the partial integral 
 
 
1 11
00 0
2
1
x xxiax iax
iax
xx x
e e
dx ia dx e
x xx
′ ′ ′′ = − +′′∫ ′ ′∫  (6.36) 
 
we obtain 
 
(2 2) (2 2)
2 2
2
(4 2) (4 2)
sin 2
2 2 2 22
RH RH
ini ini
k ki z i z
i k i k
B
k k
e eieH e eb k i e dz i e dz
k kz zk
η η
η η
η η
η
′ ′− +−− +′ ′= − − +′ ′∫ ∫ .
 (6.37) 
 
We notice here 1RH H
= −η . Since 
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(2 2) (2 2)
ln( ) ln
RH RH
ini ini
k ki z i z
RH
k k
e edz dz k
Hz z
η η
η η
η
′ ′− −′ ′≤ ≤ − =′ ′∫ ∫ k . (6.38) 
 
This is logarithmic; in comparison to other terms this term is negligible. And we obtain 
 
 2 sin 22B
ieH
b
k
η≈ − k . (6.39) 
 
So 
 
 ( ) 22 sin 2 2 cos 2 sin 22 2 2A B
e
b b b k i k k
k k
η η= + ≈ − − ieH η . (6.40) 
 
Since our interest is the large-scale cosmological magnetic fields, this means k  and the first term is 
therefore negligible and we obtain 
1
 
 ( ) 2 sin 22
eH
b
k
η ≈ kη . (6.41) 
 
We see at first when we don’t consider the oscillation of the b , then it is conserved. With (6.12) 
, we see 
( )η
2b aB=
 
 2 22
eH
b a B
k
= ≈ . (6.42) 
 
So our conclusion is that during the inflation the B  field is strongly reduced with factor 
K
2a
1 , and 
because of the 21k  factor the low frequency  is much bigger than the high frequency. B
 
Afterwards let us consider just before the end of de Sitter era, i.e., (5.51) η η . With a  
one gets k . We then obtain 
RH= − ε
k
1RH ≡
 phys ≈
K K
 
 2 22 phys
eH eH
B k
kk
η≈ = η . (6.43) 
 
We notice sin ,  for 1x x x≈  . With (5.16)  one gets at the time  1RH Hη −≡ − RHη
 
 1RH
phys phys
eH e
B
k H k
= = . (6.44) 
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8 Appendix A:  Gradient, Curl, and Divergence 
 
Generally we use covariant derivatives in a curved space-time. Which form will they take? Simplest of all 
is the covariant derivative of a scalar, which is just the ordinary gradient 
 
 ;
SS
xµ µ
∂= ∂ . (8.1) 
 
We know that  
 
 
;
;
V
V V
x
VV V
x
µ λ
µ ν µν λν
µ
µ µ λν νν
Γ
Γ
∂≡ −∂
∂≡ +∂ λ
. (8.2) 
 
Since  is symmetric in  and , the covariant curl is just the ordinary curl λµνΓ µ ν
 
 ; ;
V VV V
x x
µ ν
µ ν ν µ ν µ
∂ ∂− = −∂ ∂ . (8.3) 
 
Another special case is the covariant divergence of a contravariant vector 
 
 ;
VV
x
µ
µ λ
µ λµ Γ∂≡ +∂ V
µ
µ
g
. (8.4) 
 
We define now 
 
 . (8.5)  detg µν≡
 
One notices, we assume we are in a time-like world, so 
 
 . (8.6) det 0gµν <
 
After calculation [12], we get 
 
 ;
1V
g x
µ
µ µ
∂= −− ∂ gV
µ
3
. (8.7) 
 
Now we want to know what the tensor analysis formalism outlined above has to do with the familiar 
formulas for gradient, curl and divergence. 
 
At first we define our metric as follows [14]  
 
 . (8.8)  , 1, 2,ij i j jig g g g i j≡ ⋅ = =K K
 
Where covariant vector is defined as   
 
 i i
rg
x
∂≡ ∂
KK . (8.9) 
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And the contravariant definition is 
 
 . (8.10) ij i j jig g g g≡ ⋅ =K K
 
Where  
 
 . (8.11) ig ≡ ∇K ix
 
Some features are as follows [14] 
 
 
k
k k
i i i
r xg g x
x x
δ∂ ∂⋅ = ⋅ ∇ = =∂ ∂
K KK K k
i
i
i
a
a
g

, (8.12) 
 
 . (8.13) il lik k
i
g g δ=∑
 
Vectors can be written down as following 
  
 . (8.14) 
( )
( )
i i
i i
i
i
i i
i i
a g g a g
a g g a g
= ⋅ ≡
= ⋅ ≡
∑ ∑
∑ ∑
K K K K K
K K K K K
 
Just like (8.5), in 3-dimension we define  
 
 . (8.15)  det ijg ≡
 
In this paper we use the convention 
 
 . (8.16) 
1
1
1
1
µνη
    −   =  −     −   
 
So in general coordinates we have the following formulas [14] 
 
 grad ( )i i i
i i
g g g
x
ψψ ψ ψ ∂≡ ∇ = ⋅ ∇ = ∂∑ ∑
K KK K Ki , (8.17) 
 
 1div ( )iia a gg x
∂≡ ∇ ⋅ = −− ∂∑
KK K a , (8.18) 
 
 curl likl i k
ikl
a
a a g
x
ε ∂≡ ∇× = ∂∑
KK K K . (8.19) 
 
Now let us consider a three-dimensional orthonormal coordinate system characterized by the metric 
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 . (8.20) 2  ( , 1, 2, 3)ij i ijg h i jδ= ± =
 
We can define the orthonormal basis 
 
 i ii
i
ge
h
= =
KK
ih g
K . (8.21) 
 
So we can see 
 
 iii i i
ii
gdr e h dx g h
h
= = =∑
KK K Ki , (8.22) 
 
 
2
1 2 3
2
1 2 3
,  for 
,  for 
ij i ij
ij i ij
g h h h g h
g h h h g h
δ
δ
− = = −
= =
. (8.23) 
 
And 
 
 
( )
( )
i i
i
i i
a a e h
a a e
= ⋅
= ⋅
K K
K K
i
h
. (8.24) 
 
Now we get 
 
 1grad i i
ii
e
h x
ψψ ψ ∂≡ ∇ = ∂∑
K K , (8.25) 
 
 1 2 3
1 2 3
1div
i
i
i
h h h aa a
h h h x
∂≡ ∇ ⋅ = ∂∑
KK K , (8.26) 
 
 3 21 1 2 3
2 3
1(curl ) ( ) ( )    (and cyclical)a ae a e a
h h x x
∂ ∂⋅ ≡ ⋅ ∇× = −∂ ∂
KK K K K . (8.27) 
 
What are usually called the components of a vector a  in elementary treatments are not the covariant 
components a  or the contravariant components , but the “ordinary” components [12] 
K
i
ia
 
 1ii i i ia a e h a h a−≡ ⋅ = =K K i . (8.28) 
 
Then we can rewrite the equations (8.26) – (8.27) in “ordinary” components 
 
 2 3 1 1 3 2 1 2 31 2
1 2 3
1div h h a h h a h h aa a
h h h x x x
∂ ∂ ∂ ≡ ∇ ⋅ = + +   ∂ ∂ ∂
KK K
3

 , (8.29) 
 
 3 3 2 21 1 2 3
2 3
1(curl ) ( ) ( )    (and cyclical)h a h ae a e a
h h x x
∂ ∂⋅ ≡ ⋅ ∇× = −∂ ∂
KK K K K . (8.30) 
 
Let us do an exercise to show how it works. We consider a sphere coordinate r with local 
orthonormal basis e e e . We know 
, ,θ ϕ
, ,r θ ϕ
K K K
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1
2
3 sin
rg e r
g re
g r e
θ
ϕθ
= =
=
=
K K K
K K
K K
r
θ ϕ
. (8.31) 
 
And we get 
 
 . (8.32) sinrdr e dr e rd e r dθ ϕθ= + +K K K K
 
The metric is  
 
 . (8.33) 2
2 2
1
sin
ijg r
r θ
     =      
 
Then we get the explicit form in sphere coordinate: 
 
 1 1grad
sinr
e e e
r r rθ ϕ
ψ ψψ ψ θ θ
∂ ∂≡ ∇ = + +∂ ∂
K K K K ψ
ϕ
∂
∂ , (8.34) 
 
 
2
2
1 1 sin 1div
sin sin
r aa r aa a
r r rr
ϕθ θ
θ θ θ
∂∂ ∂≡ ∇ ⋅ = + +∂ ∂
KK K
ϕ∂ , (8.35) 
 
sin1 1 1 1curl ( ) ( ) ( )
sin sin
r r
r
a raa a raa a e e e
r r r r
ϕ ϕθ θθ ϕ
θ
θ θ ϕ θ ϕ θ
∂ ∂∂ ∂ ∂≡ ∇× = − + − + −∂ ∂ ∂ ∂ ∂ ∂
KK K K K K a
r
∂ .
 (8.36) 
 
We notice here, a a are the “ordinary” components , ,r aθ ϕ i ia a e≡ ⋅K K .  
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9 Appendix B: The wave equation of the electric fields in FRW spatially flat universe 
 
We write down again the Maxwell equation (4.19) and (4.20) here, 
 
 
2 2 curl 0
div 0
a B a E
t
B
∂ +∂
=
K K
K
= , (9.1) 
 
 
2
2
1
curl
div
B a E
ta
E ρ
∂− =∂
=
K K K
K
j
. (9.2) 
 
From (9.1) we get 
 
 22
1
curlE
ta
∂= − ∂
K K
a B
vK
. (9.3) 
 
We then use the vector identity  and we know di . Here we get curl curl grad(div )v v= −∆K K vE ρ=K
 
 
2
2
2
2
1grad(div ) curl
1grad curl
E E a B
ta
E a
ta
ρ
∂ − ∆ = −   ∂
∂ ⇒ − ∆ = −   ∂
K K
K
B
K
K . (9.4) 
 
We define here 
 
 aa
t
∂≡ ∂ . (9.5) 
 
We recall (4.28) 
 
 
( )
( )
1
1
[curl, ] curl curl
curl
V V
t t t
a V
a
∂ ∂ ∂       = −        ∂ ∂ ∂
=
K K
K
1
V 
K
. (9.6) 
 
So we get 
 
 ( )22
1grad curl curlaE a B
t aa
ρ ∂ − ∆ = − +  ∂
K K  2a B 
K
. (9.7) 
 
From (9.2) we know: 
 
 ( )2 2 2curl curla B a B a E a jt
∂= = +∂
K K K K2 . (9.8) 
 
Now we put the equation (9.8) to (9.7) 
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( ) ( )
( ) ( ) ( )
2 2 2 2
2
2
2 2 2
2 2 2 3
1grad
1 1
aE a E a j a E a j
t t a ta
a aa E a j a E j
t t aa t a a
ρ ∂ ∂ ∂       − ∆ = − + + +        ∂ ∂ ∂
∂ ∂ ∂= − − − −∂ ∂∂
K K KK K
K K K 

K . (9.9) 
 
And we know 
 
 aaH a
t a
∂≡ =∂

. (9.10) 
 
So now we put this into equation (9.9) and get 
 
 
( ) ( ) ( )2 2 2 2
2 2 2 2
1 1 grad 0
a E a E a jHE H
t ta t a a
ρ∂ ∂ ∂∆ − − − − − =∂ ∂∂
K K KK K
j . (9.11) 
 
And this is the wave equation of electric Field. 
 
With conformal time , we have η
 
 
( ) ( )2 2 2
4 2 3
1 1 grad 0
a E a j
E H
a a
ρηη
∂ ∂∆ − − − − =∂∂
K KK K
j . (9.12) 
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